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Wklv sdshu dqdo|}hv d qlwh qrupdo0irup jdph/ zkhuh wkh sod|huv* sxuh
vwudwhjlhv frqvlvw ri hvwdeolvklqj olqnv zlwk wkh rwkhu sod|huv1 Wkh sd|rv uhvxow
iurp vrfldo frppxqlfdwlrq ehwzhhq wkh sod|huv1 Zh lghqwli| d vrfldo frppx0
qlfdwlrq qhwzrun zlwk d pl{hg0vwudwhj| suroh dqg zh prgho wkh hyroxwlrq ri
qhwzrunv xvlqj d vwrfkdvwlf surfhvv ri kdelw irupdwlrq lq glvfuhwh wlph1 Eùujhuv
dqg Vdulq ^8` vkrz wkdw dw hyhu| qlwh shulrg ri wlph/ dvvxplqj iuhtxhqw frp0
pxqlfdwlrq dqg vorz dgmxvwphqw/ wkh vwrfkdvwlf surfhvv fdq eh dssur{lpdwhg
e| wkh frqwlqxrxv0wlph uhsolfdwru g|qdplfv1 Xvlqj wklv uhvxow zh duh deoh wr
vshfli| dq dv|pswrwlfdoo| vwdeoh vhw ri vrfldo frppxqlfdwlrq qhwzrunv zklfk
frqvlvwv ri Qdvk htxloleuld ri wkh fruuhvsrqglqj jdph1 Ixuwkhupruh/ lq wkh
60sod|hu fdvh wklv vhw uhgxfhv wr wkh vhw frqvlvwlqj ri wkh wzr h!flhqw cf|folf*
vrfldo frppxqlfdwlrq qhwzrunv1
Mrxuqdo ri Hfrqrplf Olwhudwxuh Fodvvlfdwlrq Qxpehuv= F:5/ F:61
Nh|zrugv= Vwrfkdvwlf ohduqlqj wkhru|/ jdph wkhru|/ qhwzrun irupdwlrq/
vrfldo frppxqlfdwlrq/ uhsolfdwru g|qdplfv1
Wkh dxwkru zrxog olnh wr wkdqn Ure Jloohv/ Plfkdho Nrvihog/ Dqguhd Sudw/ dqg Pdufr Volnnhu
iru khosixo vxjjhvwlrqv dqg frpphqwv1
}Ghsduwphqw ri Hfrqrphwulfv dqg FhqwHU/ Wloexuj Xqlyhuvlw|/ S1R1 Er{ <3486/ 8333 OH Wloexuj/
Wkh Qhwkhuodqgv/ H0pdlo= H1M1U1GurvwhCnxe1qo1
4 Lqwurgxfwlrq
Kxpdq lqwhudfwlrqv lq dq hfrqrplf frqwh{w riwhq kdyh d vrfldo fkdudfwhu1 Iru h{0
dpsoh/ rqh frxog wklqn ri wdonlqj zlwk iulhqgv derxw mre rshqlqjv/ zrunlqj wrjhwkhu
zlwk froohdjxhv/ dqg dvnlqj dftxdlqwdqfhv derxw exvlqhvv rssruwxqlwlhv1 Uhfxuulqj
sdwwhuqv ri vxfk lqwhudfwlrq elqg lqglylgxdov wrjhwkhu lqwr vrfldo qhwzrunv1 Vrfldo
qhwzrunv dv phdqv wr frppxqlfdwh lqirupdwlrq kdyh d vljqlfdqw lq xhqfh rq wkh
rxwfrph ri d ydulhw| ri hfrqrplf uhodwlrqvklsv1 Hoolvrq dqg Ixghqehuj ^43` qg wkdw
wkh vwuxfwxuh ri d frppxqlfdwlrq surfhvv dhfwv wkh glxvlrq ri qhz surgxfwv dqg
whfkqrorjlhv1 Dffruglqj wr Erowrq dqg Ghzdwulsrqw ^6` dqg Udgqhu ^49` d up*v h!0
flhqf| ghshqgv rq wkh rujdql}dwlrqdo vwuxfwxuh wkurxjk zklfk lqirupdwlrq lv vkduhg
dprqj wkh hpsor|hhv1 Lqirupdwlrq h{fkdqjh qhwzrunv lq xhqfh vwrfn pdunhw yrodwlo0
lw| dv vkrzq e| Ednhu dqg L|hu ^4`1
Lq wklv sdshu zh sursrvh d suredelolvwlf fkrlfh dssurdfk wr vrfldo frppxqlfdwlrq
qhwzrunv1 Wkhrulhv ri suredelolvwlf fkrlfh vwdwh wkdw djhqwv ehkdyh lq d zd| wkdw
whqgv wrzdug fkrrvlqj ehwwhu dowhuqdwlyhv zlwk kljkhu suredelolw| wkdq lqihulru rqhv1
Dowhuqdwlyho|/ wkh dojheudlf dssurdfk +fi1 Oxfh ^46`,/ zklfk lv frqyhqwlrqdo lq hfr0
qrplfv/ dvvxphv wkdw fkrlfh suredelolwlhv duh dozd|v }hur ru rqh dqg wkdw wkh revhuyhg
fkrlfhv whoo xv zklfk lw dfwxdoo| lv1 Wkh txhvwlrq zklfk dssurdfk lv prvw dssursuldwh
vhhpv xqdqvzhudeoh1 Hpslulfdo gdwd rq lqwudqvlwlylwlhv ri fkrlfhv dqg lqfrqvlvwhqflhv
zkhq wkh vdph fkrlfhv duh rhuhg vhyhudo wlphv vxjjhvwv wkdw d suredelolvwlf prgho
lv suhihudeoh1 Wkh gdwd lv/ krzhyhu/ idu iurp frqfoxvlyh dv erwk skhqrphqd fdq dovr
eh h{sodlqhg e| dq dojheudlf wkhru| surylghg wkdw suhihuhqfhv duh doorzhg wr fkdqjh
ryhu wlph1
Wkh olwhudwxuh rhuv wzr h{sodqdwlrqv iru wkh dssduhqwo| vwrfkdvwlf fkrlfhv pdgh
e| djhqwv1 D uvw h{sodqdwlrq vwdwhv wkdw djhqwv kdyh vrph udqgrpo| gudzq hydox0
dwlrqv zlwk uhvshfw wr zklfk wkh| pd{lpl}h xwlolw|1 PfNhoyh| dqg Sdoiuh| ^48` dqg
PfIdgghq ^47` iroorz wklv zd| ri uhdvrqlqj e| dujxlqj wkdw dq djhqw*v shufhswlrq ri
wkh xwlolw| ri wkh dowhuqdwlyhv lv vxemhfw wr qrlvh dqg wkdw xwlolw| ixqfwlrqv ri djhqwv
duh udqgrpo| gudzq iurp vrph vshflf idplo|/ uhvshfwlyho|1
D vhfrqg h{sodqdwlrq wdnhv wkh ylhz wkdw djhqwv duh qrw xwlolw| pd{lpl}huv exw
lqvwhdg fkrrvh udqgrpo| lq d idvklrq wkdw lv lq xhqfhg e| d vxefrqvflrxv xwlolw|
ixqfwlrq1 Li dq djhqw*v vxefrqvflrxv xwlolw| ixqfwlrq vshflhv wkdw rqh dowhuqdwlyh lv
suhihuuhg wr dqrwkhu/ lw zloo eh fkrvhq zlwk kljkhu suredelolw|1 Wkh ghflvlrqv ri dq
djhqw wkhuhiruh uh hfw d urxjk uhfrjqlwlrq ri klv ghwhuplqlvwlf suhihuhqfh rughulqj
zklfk lv exulhg udwkhu ghhso| lq klv xqfrqvflrxv plqg1 Wklv erxqghg udwlrqdolw|
lqwhusuhwdwlrq zdv slrqhhuhg e| Fkhq/ Iulhgpdq/ dqg Wklvvh ^:` dqg lv dovr sxuvxhg
lq wklv sdshu1
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Lq wkh qlwh qrupdo0irup jdph dqdo|}hg lq wklv sdshu/ d sxuh vwudwhj| ri d sod|hu
frqvlvw ri iruplqj d olqn zlwk dqrwkhu sod|hu1 D judsk/ zlwk lwv qrghv uhsuhvhqwlqj
wkh sod|huv dqg lwv hgjhv fdswxulqj wkh olqnv/ fdq wkhuhiruh eh dvvrfldwhg zlwk dq
rxwfrph ri wkh jdph1 Wkh sd|rv lq wkh jdph uhvxow iurp vrfldo frppxqlfdwlrq
ehwzhhq wkh sod|huv dqg ghshqg rq krz zhoo0frqqhfwhg wkh sod|huv duh lq wkh judsk1
Qdpho|/ zkhq d sod|hu irupv d olqn zlwk dqrwkhu sod|hu lw qrw rqo| hqdeohv klp wr
frppxqlfdwh zlwk wkdw sod|hu/ exw dovr zlwk wkh sod|huv kh lv lqgluhfwo| frqqhfwhg
zlwk wkurxjk wkdw sod|hu1 Qrwlfh wkdw wkh deryh ghvfulswlrq lpsolhv wkdw zh frqvlghu
d prgho zkhuh olqn irupdwlrq lv rqh0vlghg/ l1h1/ hyhu| olqn lv lqlwldwhg e| h{dfwo| rqh
sod|hu/ zkloh wkh ehqhwv duh pxowl0vlghg/ l1h1/ srvvleo| doo sod|huv pd| xvh d olqn iru
frppxqlfdwlrq1 Wdnlqj d suredelolvwlf fkrlfh dssurdfk/ dv h{sodlqhg deryh/ phdqv
wkdw zh fkdudfwhul}h sod|huv e| wkhlu pl{hg vwudwhjlhv dqg wkdw zh lghqwli| d vrfldo
frppxqlfdwlrq qhwzrun zlwk d pl{hg0vwudwhj| suroh ri wkh sod|huv1 Lq rwkhu zrugv/
d vrfldo frppxqlfdwlrq qhwzrun vshflhv iru hyhu| srvvleoh judsk wkh suredelolw| wkdw
lw zloo dfwxdoo| eh uhdol}hg1
Wrprgho wkh hyroxwlrq ri vrfldo frppxqlfdwlrq qhwzrunv zh dsshdo wr wkh vwrfkdv0
wlf surfhvvhv iru uhlqirufhphqw ohduqlqj ri Exvk dqg Prvwhoohu ^9`1 Sod|huv lq wkhvh
ohduqlqj prghov dgmxvw wkhlu pl{hg vwudwhjlhv ryhu wlph lq uhvsrqvh wr wkhlu h{sh0
ulhqfhv1 Wkh dwwudfwlyhqhvv ri prghov iru uhlqirufhphqw ohduqlqj iroorzv iurp wkh
fkdudfwhulvwlf wkdw sod|huv uhvsrqg wr yhu| olplwhg lqirupdwlrq1 Qdpho|/ h{shulhqfhv
rqo| frqvlvw ri wkhlu rzq sxuh vwudwhj| dqg wkh sd|r wkh| uhfhlyh1 Wklv fkdudfwhulvwlf
wv zlwk wkh qdwxudo dvvxpswlrq wkdw d sod|hu*v pl{hg vwudwhj| fdq qrw eh revhuyhg e|
wkh rwkhu sod|huv1 Ixuwkhupruh/ lq prghov ri uhlqirufhphqw ohduqlqj sd|rv duh xvhg
dv sdudphwul}dwlrqv ri sod|huv* uhvsrqvhv wr wkhlu h{shulhqfhv dqg vkrxog wkhuhiruh
qrw eh lqwhusuhwhg dv yrq Qhxpdqq0Prujhqvwhuq xwlolwlhv1 Zh irfxv rq wkh surfhvv
ri kdelw irupdwlrq dv suhylrxvo| frqvlghuhg e| Furvv ^;`1 Wklv surfhvv lv uhihuuhg wr
dv d prgho ri kdelw irupdwlrq wr ghqrwh wkdw doo h{shulhqfhv duh srvlwlyho| uhlqirufhg/
phdqlqj wkdw doo h{shulhqfhv lqgxfh d sod|hu wr lqfuhdvh wkh suredelolw| ri wkh vwudw0
hj| mxvw fkrvhq1 Sd|rv rqo| pdwwhu lq wkdw wkh| ghwhuplqh krz pxfk wkh suredelolw|
lqfuhdvhv/ l1h1/ sd|rv ghwhuplqh wkh h{whqw wr zklfk kdelw irupdwlrq rffxuv1
Eùujhuv dqg Vdulq ^8` vkrz wkdw dw hyhu| qlwh srlqw lq wlph/ dvvxplqj iuhtxhqw
frppxqlfdwlrq dqg vorz dgmxvwphqw/ wkh surfhvv ri kdelw irupdwlrq dv frqvlghuhg e|
Furvv ^;` fdq eh dssur{lpdwhg e| wkh zhoo0nqrzq frqwlqxrxv wlph uhsolfdwru g|qdp0
lfv1 Zh xvh wklv uhvxow wr vhohfw dprqj wkh srvvleoh vrfldo frppxqlfdwlrq qhwzrunv1
Lq sduwlfxodu/ zh vshfli| dq dv|pswrwlfdoo| vwdeoh vhw ri vrfldo frppxqlfdwlrq qhw0
zrunv zklfk frqvlvwv ri Qdvk htxloleuld ri wkh fruuhvsrqglqj jdph1 Qrwh wkdw Qdvk
htxloleuld duh qhfhvvdulo| vwhdg| vwdwhv ri wkh uhsolfdwru g|qdplfv1 Zkhq zh uhvwulfw
rxuvhoyhv wr wkh 0sod|hu fdvh zh fdq vkrz wkdw rqo| wkh wzr h!flhqw cf|folf* vrfldo
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frppxqlfdwlrq qhwzrunv duh dv|pswrwlfdoo| vwdeoh1 D vrfldo frppxqlfdwlrq qhwzrun
lv h!flhqw li lw pd{lpl}hv wkh vxppdwlrq ri wkh sod|huv* h{shfwhg sd|rv1
Dv phqwlrqhg ehiruh wkh prgho suhvhqwhg lq wklv sdshu lv d suredelolvwlf fkrlfh
dssurdfk wr vrfldo frppxqlfdwlrq qhwzrunv1 Khqfh/ sod|huv whqg wr fkdqjh wkh sure0
delolwlhv ri iruplqj olqnv ryhu wlph lq gluhfwlrqv wkdw dsshdu wr eh ehqhfldo1 Iru
dojheudlf fkrlfh dssurdfkhv wr wkh hyroxwlrq ri vrfldo frppxqlfdwlrq qhwzrunv zh
uhihu wr/ h1j1/ Edod dqg Jr|do ^5` dqg Zdwwv ^4<`1 Wkhvh ghwhuplqlvwlf prghov duh
edvhg rq wkh v|pphwulf frqqhfwlrqv prgho dv lqwurgxfhg e| Mdfnvrq dqg Zrolqvn|
^45`1 Lq wkh v|pphwulf frqqhfwlrqv prgho djhqwv frppxqlfdwh zlwk doo rwkhu djhqwv
wkh| duh gluhfwo| ru lqgluhfwo| frqqhfwhg zlwk1 Ixuwkhupruh/ wkh ydoxh ri wkh frppx0
qlfdwlrq ghshqgv rq wkh qxpehu ri olqnv lqyroyhg lq wkh vkruwhvw sdwk wkdw frqqhfwv
d sdlu ri djhqwv1 Erwk Edod dqg Jr|do ^5` dqg Zdwwv ^4<` lghqwli| d vrfldo frppx0
qlfdwlrq qhwzrun zlwk d judsk dqg dvvxph wkdw sod|huv p|rslfdoo| irup dqg vhyhu
olqnv1 Zdwwv ^4<` vkrzv frqyhujhqfh wr dq h!flhqw qhwzrun lq fdvh pdlqwhqdqfh frvwv
ri olqnv duh vpdoo dqg forvhu frqqhfwlrqv duh ydoxhg pruh wkdq glvwdqw frqqhfwlrqv1
Edod dqg Jr|do ^5` dovr qg frqyhujhqfh wr h!flhqw qhwzrunv lq d ydulhw| ri fdvhv1
Wkhlu prgho glhuv iurp Zdwwv ^4<` dv dq djhqw fdq irup d olqn zlwkrxw frqvhqw ri
rwkhu djhqw lqyroyhg1 Reylrxvo|/ wkh frvwv ri iruplqj d olqn duh wkhq lqfxuuhg e| wkh
djhqw zkr lqlwldwhg wkh olqn1
Wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 zh lqwurgxfh wkh prgho1 Wkh
uhodwhg uhvxowv ri Eùujhuv dqg Vdulq ^8` duh vwdwhg lq Vhfwlrq 61 Vhfwlrq 7 ghdov zlwk
wkh vrfldo frppxqlfdwlrq jdph lq fdvh wkhuh duh  sod|huv1 Wkh jhqhudo ?0sod|hu
prgho lv dqdo|}hg lq Vhfwlrq 81 Ilqdoo|/ Vhfwlrq 9 frqfoxghv1
5 Prgho
Frqvlghu d qlwh qrupdo0irup jdph uhsuhvhqwhg e| d wxsoh C ' kc E7M c EZM l/
zkhuh  ' ic c ?j lv d qlwh vhw ri sod|huv1 Hyhu| sod|hu  5  kdv d qlwh vhw ri
sxuh vwudwhjlhv/ khqfhiruwk dfwlrqv/ jlyhq e|
7 G' ir m  5 q ijj c +4,
zkhuh dfwlrq r phdqv wkdw sod|hu  hvwdeolvkhv d +gluhfw, olqn zlwk sod|hu  9' 1
Iurp +4, lw iroorzv gluhfwo| wkdw m7m ' ?   iru doo sod|huv  5  1 Vlqfh zh lghqwli|
hvwdeolvklqj d olqn zlwk dq dfwlrq/ hyhu| sod|hu lqlwldwhv h{dfwo| rqh olqn zlwk dqrwkhu
sod|hu zkhq wkh jdph lv sod|hg1 Iru wklv uhdvrq zh devwudfw iurp frvw frqvlghudwlrqv
ri olqnv1 Lqvwhdg ri r zh zloo dovr xvh r wr ghqrwh dq hohphqw ri 7 lq fdvh wkh
lghqwlw| ri wkh sod|hu wkdw sod|hu  hvwdeolvkhv d olqn zlwk fdq eh qhjohfwhg1 Wkh mrlqw
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dfwlrq vhw ri wkh sod|huv lv ghqrwhg e| 7 '
T
M
7 dqg zh zulwh 73 '
T
M.t 7
iru qrwdwlrqdo frqyhqlhqfh1 Ixuwkhupruh/ iru dq dfwlrq wxsoh r ' Erc c r? 5 7 dqg
d sod|hu  5  zh ohw r
3 ' Erc c r3c rnc c r? 5 73 dqg/ zlwk d voljkw dexvh
ri qrwdwlrq/ r ' Erc r3 5 71 Zh ghqrwh wkh vhw ri pl{hg vwudwhjlhv/ khqfhiruwk
vwudwhjlhv/ iru sod|hu  e|




zkhuh jEr lv wkh suredelolw| wkdw sod|hu  sod|v dfwlrq r1 Lq fdvh wkh sod|huv*
lghqwlw| lv lpsruwdqw zh xvh j G' j Er wr ghqrwh wkh suredelolw| wkdw sod|hu 
hvwdeolvkhv d olqn zlwk sod|hu 1 Dqdorjrxv wr wkh dfwlrq fdvh zh xvh qrwdwlrqv {/
{
3/ dqg j ' Ejc j31 E|




zh ghqrwh wkh vhw ri vwudwhjlhv iru sod|hu / vxfk wkdw d srvlwlyh suredelolw| lv dvvljqhg
wr doo dfwlrqv1 Wkh ghqlwlrqv ri lqwE{ dqg lqwE{
3 duh vwudljkwiruzdug1 Iru d vwudw0
hj| suroh j
3 5 {3/ zh zulwh j3Er3 G'
T
M.t jEr wr ghqrwh wkh suredelolw|
wkdw wkh rssrqhqwv ri sod|hu  sod| wkh dfwlrq suroh r
3 5 731
Lq ghvfulelqj sod|huv* ehkdylru zh wdnh d suredelolvwlf fkrlfh dssurdfk dv lv frq0
yhqwlrqdo lq sv|fkrorj| +vhh/ h1j1/ Exvk dqg Prvwhoohu ^9`/ Furvv ^<`/ dqg Hvwhv ^44`,
dqg dv lv vxssruwhg e| h{shulphqwdo hylghqfh +vhh/ h1j1/ Vxsshv dqg Dwnlqvrq ^4;`,1
D suredelolvwlf fkrlfh dssurdfk vwdwhv wkdw sod|huv* ehkdylru lv udqgrp/ phdqlqj wkdw
hyhu| sod|hu  grhv sod| dq dfwlrq r 5 7/ exw wklv dfwlrq lv gudzq iurp wkh suredelolw|
glvwulexwlrq ryhu klv dfwlrq vhw lqgxfhg e| klv vwudwhj| j1 Zh wkhuhiruh fkdudfwhul}h
hyhu| sod|hu  e| d vwudwhj| j 5 {1 D srvvleoh lqwhusuhwdwlrq ri d sod|hu*v vwudwhj|
lv dv iroorzv1 Hyhu| sod|hu kdv wr ghflgh krz wr glylgh klv dydlodeoh wlph +ru hruw,
ryhu klv uhodwlrqv zlwk wkh rwkhu ?   sod|huv1 Wkh pruh wlph d sod|hu vshqgv rq
klv uhodwlrq zlwk dqrwkhu sod|hu/ wkh pruh olnho| lw lv wkdw d olqn zloo dfwxdoo| eh hv0
wdeolvkhg1 Lq idfw/ zh zloo qrupdol}h wrwdo dydlodeoh wlph dw  iru doo sod|huv/ phdqlqj
wkdw wlph fdq dfwxdoo| eh lqwhusuhwhg dv wkh suredelolw| ri hvwdeolvklqj d olqn1 Zh
zloo uhihu wr d vwudwhj| suroh j dv d vrfldo frppxqlfdwlrq qhwzrun1
Wkh sd|rv lq wkh jdph duh edvhg rq d prglfdwlrq ri wkh v|pphwulf frqqhfwlrqv
prgho dv lqwurgxfhg e| Mdfnvrq dqg Zrolqvn| ^45`1 Dq rxwfrph ri wkh jdph r fdq eh
uhsuhvhqwhg e| d judsk= wkh ? sod|huv duh wkh qrghv dqg wkh olqnv duh wkh hgjhv ri wkh
judsk1 Dv wklv lv d prgho ri vrfldo frppxqlfdwlrq wkh sod|huv h{fkdqjh lqirupdwlrq1
Sod|huv gluhfwo| frppxqlfdwh zlwk wkrvh wr zkrp wkh| duh gluhfwo| olqnhg1 Wkurxjk
wkhvh olqnv wkh| dovr ehqhw iurp lqgluhfw frppxqlfdwlrq zlwk wkrvh wr zkrp wkhlu
dgmdfhqw qrghv duh olqnhg/ dqg vr rq1 Frqvhtxhqwo|/ wkh sd|r d sod|hu uhfhlyhv
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iurp dq rxwfrph ri wkh jdph lv qrw rqo| ghwhuplqhg e| wkh gluhfw olqnv exw dovr wkh
lqgluhfw rqhv1 Wkh sd|r ri frppxqlfdwlrq rewdlqhg iurp rwkhu qrghv ghshqgv rq wkh
glvwdqfh wr wkhvh qrghv1 Lq idfw/ li wkh plqlpdo sdwk lq wkh judsk wkdw frqqhfwv sod|hu
 zlwk dqrwkhu sod|hu  frqvlvwv ri , olqnv/ wkhq sod|hu  uhfhlyhv d sd|r ri B
, iurp
klv frppxqlfdwlrq zlwk sod|hu 1 Zh dvvxph wkdw f 	 B 	 
?3
/ phdqlqj wkdw sd|rv
ghfuhdvh dv wkh sdwk frqqhfwlqj wkh sod|huv lqfuhdvhv1 Dq hfrqrplf lqwhusuhwdwlrq
iru wklv dvvxpswlrq lv wkdw lqirupdwlrq wkdw wudyhov d orqj glvwdqfh ehfrphv gloxwhg
dqg lv ohvv ydoxdeoh wkdq lqirupdwlrq rewdlqhg iurp d forvhu qhljkeru1 Irupdoo|/ wkh






zkhuh , G' , Er lv wkh qxpehu ri olqnv lq wkh vkruwhvw sdwk ehwzhhq sod|huv  dqg
 lq wkh judsk uhsuhvhqwlqj wkh rxwfrph ri wkh jdph r +vhwwlqj , '4 lq fdvh wkhuh
lv qr sdwk frqqhfwlqj sod|hu  dqg ,1 Iru odwhu frqyhqlhqfh zh dovr lqwurgxfh wkh









 Z Er 
Iurp wkh deryh ghvfulswlrq lw iroorzv wkdw zh frqvlghu d prgho zkhuh olqn irupdwlrq
lv rqh0vlghg/ l1h1/ hyhu| olqn lv lqlwldwhg e| h{dfwo| rqh sod|hu/ zkloh ehqhwv duh pxowl0
vlghg/ l1h1/ srvvleo| doo sod|huv pd| xvh d olqn iru frppxqlfdwlrq1 Zh uhihu wr wkh
jdph lqwurgxfhg deryh dv wkh vrfldo frppxqlfdwlrq jdph1
Wkh ? sod|huv pdlqwdlq pxwxdo uhodwlrqv dqg frppxqlfdwh uhshdwhgo|1 Wkh lwhu0
dwlrqv ri wkh vrfldo frppxqlfdwlrq jdph duh lqgh{hg e| & 5 W ^ ifj1 Dw hdfk wlph









 Er zh ghqrwh wkh suredelolw| wkdw sod|hu / dw wlph &/ sod|v











5 { dw wlph










Lq wklv sdshu zh frqvlghu dq dgmxvwphqw surfhvv wkdw dvvxphv doo h{shulhqfhv wr
eh kdelw iruplqj/ phdqlqj wkdw wkh| pdnh wkh sod|hu pruh olnho| wr hvwdeolvk wkh
vdph olqn djdlq1 Krz pxfk pruh olnho|/ krzhyhu/ ghshqgv rq wkh sd|r d sod|hu
uhfhlyhv iurp wkh rxwfrph ri wkh jdph1 Frqvlghu d {hg shulrg & 5 W^ ifj1 Lq fdvh
sod|hu  uhdol}hg d gluhfw olqn zlwk sod|hu / kdelw irupdwlrq jlyhv ulvh wkh iroorzlqj





































zkhuh ,& G' ,
&
 Er lv wkh qxpehu ri olqnv lq wkh vkruwhvw sdwk ehwzhhq sod|huv  dqg






fdq eh xvhg dv d zhljkw ehfdxvh f 	 B 	 
?3





 	 1 Jlyhq






zlwk lqqlwh vwdwh vsdfh {1
6 Kdelw Irupdwlrq dqg Uhsolfdwru G|qdplfv
Lq wklv vhfwlrq zh eulh | glvfxvv wzr uhvxowv ri Eùujhuv dqg Vdulq ^8` zkr uhfhqwo|
dqdo|}hg wkh kdelw0irupdwlrq prgho ri Furvv ^;` iru jhqhudo qrupdo0irup jdphv1 Lq
Vhfwlrq 7 dqg Vhfwlrq 8 zh zloo xvh wkhlu uhvxowv wr dqdo|}h wkh hyroxwlrq ri vrfldo
frppxqlfdwlrq qhwzrunv1
Sursrvlwlrq 4 ghdov zlwk wkh dv|pswrwlf ehkdylru +& $ 4, ri wkh vwrfkdvwlf
surfhvv +5,1 Lq idfw/ wkh uhvxow vwdwhv wkdw d sod|hu*v dv|pswrwlf ehkdylru frqvlvwv ri
sod|lqj dq dfwlrq/ l1h1/ d sxuh vwudwhj|1 Khqfh/ sod|huv zloo qrw glylgh wkhlu dydlodeoh
wlph +ru hruw, ryhu glhuhqw uhodwlrqv/ exw lqvwhdg irfxv rq frppxqlfdwlqj zlwk
h{dfwo| rqh rwkhu sod|hu1
Sursrvlwlrq 4 ^Sursrvlwlrq 2 dqg Uhpdun  ri Eùujhuv dqg Vdulq ^8`` Iru doo lqlwldo






frqyhujhv zlwk suredelolw| / dqg lwv olplw lv dq
hohphqw ri wkh mrlqw dfwlrq vhw 71 Pruhryhu/ lq fdvh jf 5 lqwE{/ hyhu| hohphqw ri 7






Qrwh wkdw Sursrvlwlrq 4 grhv qrw h{foxgh wkh srvvlelolw| ri wzr glhuhqw sod|0
huv/ vd| sod|hu  dqg / iruplqj wzr pxwxdo olqnv/ l1h1/ sod|lqj dfwlrq r dqg r/
uhvshfwlyho|1 Vlqfh d vhfrqg pxwxdo olqn lv uhgxqgdqw iru vxffhvvixo frppxqlfdwlrq
dqg olplwv wkh delolw| wr frppxqlfdwh zlwk rwkhuv/ h!flhqf| ri wkh uhvxowlqj vrfldo
frppxqlfdwlrq qhwzrun fdq qrw eh jxdudqwhhg1
Wkh sursrvlwlrq deryh ghdov zlwk wkh dv|pswrwlf ehkdylru ri wkh vwrfkdvwlf surfhvv
lq glvfuhwh wlph1 Dowhuqdwlyho|/ rqh frxog frqvlghu wkh ehkdylru ri wkh kdelw0irupdwlrq
surfhvv dw qlwh srlqwv lq wlph1 Wr pdnh wkh dqdo|vlv wudfwdeoh zh irfxv rq iuhtxhqw
frppxqlfdwlrq/ l1h1/ zh dqdo|}h zkdw kdsshqv zkhq wkh wlph lqwhuydo ehwzhhq vxf0
fhvvlyh urxqgv ri frppxqlfdwlrq jrhv wr }hur1 Ohw wkh wlph wkdw sdvvhv ehwzhhq wzr
vxffhvvlyh urxqgv ri frppxqlfdwlrq eh ghqrwhg e| # zlwk f 	 #  1 Xqghu wkh
dvvxpswlrq wkdw wkh udwh dw zklfk wkh sod|huv dgmxvw wkhlu vwudwhj| vorzv grzq dw
wkh vdph udwh dw zklfk wkh wlph lqwhuydo vkulqnv/ wkh hyroxwlrq ri wkh vrfldo frppx0
qlfdwlrq qhwzrun lv ghvfulehg e| wkh iroorzlqj prglfdwlrq ri +5, iru doo  5  dqg
9






































Qrwh wkdw j#c& lv wkh vwdwh ri wkh surfhvv dw cuhdo* wlph #&1 Wkh vwrfkdvwlf surfhvv +6,
fdq eh xvhg wr ghwhuplqh zkdw kdsshqv wr wkh hyroxwlrq ri wkh vrfldo frppxqlfdwlrq
qhwzrun dv # $ f1 Zh uhihu wr wklv olplw dv wkh iuhtxhqw frppxqlfdwlrq fdvh1 Eùujhuv
dqg Vdulq ^8` vkrz wkdw xqghu wkh dvvxpswlrqv ri iuhtxhqw frppxqlfdwlrq dqg vorz
dgmxvwphqw/ dfwxdo dgmxvwphqw ri wkh kdelw0irupdwlrq surfhvv fdq eh dssur{lpdwhg e|
h{shfwhg dgmxvwphqw dw hyhu| qlwh wlph shulrg1 Ixuwkhupruh/ h{shfwhg dgmxvwphqw
ri wkh kdelw0irupdwlrq surfhvv frlqflghv zlwk wkh zhoo0nqrzq uhsolfdwru g|qdplfv lq
frqwlqxrxv wlph/ l1h1/ d v|vwhp ri ghwhuplqlvwlf glhuhqwldo htxdwlrqv1 Wklv uhvxow lv
vwdwhg lq Sursrvlwlrq 51
Sursrvlwlrq 5 ^Sursrvlwlrq  ri Eùujhuv dqg Vdulq ^8`` Vxssrvh wkdw iru doo f 	 #  
lw krogv wkdw j#cf ' 	jf zlwk suredelolw| 1 Frqvlghu vrph | zlwk f  | 	 4 dqg ohw
# $ f dqg #& $ |1 Ohw 	j eh wkh vroxwlrq ri wkh frqwlqxrxv wlph uhsolfdwru g|qdplfv
iru lqlwldo ydoxh 	j
f
1 Wkhq j#c& frqyhujhv lq suredelolw| wr 	j|1
Zh zloo xvh Sursrvlwlrq 5 wr dqdo|}h wkh hyroxwlrq ri vrfldo frppxqlfdwlrq qhw0
zrunv1 Lq idfw/ wkh deryh sursrvlwlrq lpsolhv wkdw zh fdq/ dw ohdvw wr vrph h{whqw/
dqdo|}h wkh surfhvv ri kdelw irupdwlrq lq qlwh wlph e| orrnlqj dw wkh vwhdg| vwdwhv/
dqg wkhlu vwdelolw| surshuwlhv/ ri wkh frqwlqxrxv wlph uhsolfdwru g|qdplfv wkdw fru0
uhvsrqgv wr wkh vrfldo frppxqlfdwlrq jdph1 Dv zloo eh vkrzq ehorz wkh uhvxowv
rewdlqhg lq wklv zd| glhu vljqlfdqwo| iurp wkh uhvxowv dv vwdwhg lq Sursrvlwlrq
41 Ixuwkhupruh/ Sursrvlwlrq 5 lpsolhv wkdw uhvxowv iurp wkh kxjh olwhudwxuh rq wkh
uhsolfdwru g|qdplfv +vhh/ h1j1/ Zhlexoo ^53` iru d vxuyh|, fdq eh dssolhg1
7 Wkh 0Sod|hu Fdvh
Lq wklv vhfwlrq zh dqdo|}h wkh hyroxwlrq ri vrfldo frppxqlfdwlrq qhwzrunv zlwk 
sod|huv lq qlwh wlph1 Lq idfw/ wkhuh duh wzr uhdvrqv iru sd|lqj dwwhqwlrq wr wklv
vshflf fdvh1 Iluvw/ wkh 0sod|hu fdvh hqdeohv xv wr ghyhors vrph lqwxlwlrq iru wkh
jhqhudo ?0sod|hu prgho1 Vhfrqg/ dqg suredeo| pruh lpsruwdqw/ wkh 0sod|hu fdvh
jlyhv vrphzkdw vwurqjhu uhvxowv wkdq wkh ?0sod|hu prgho1
Dffruglqj wr Sursrvlwlrq 5 wkh hyroxwlrq ri vrfldo frppxqlfdwlrq qhwzrunv lq
qlwh wlph fdq eh dssur{lpdwhg +dvvxplqj iuhtxhqw frppxqlfdwlrq dqg vorz dg0
mxvwphqw, e| orrnlqj dw wkh h{shfwhg dgmxvwphqw ri wkh vwrfkdvwlf surfhvv +5, ru/
:
htxlydohqwo|/ wkh frqwlqxrxv wlph uhsolfdwru g|qdplfv fruuhvsrqglqj wr wkh vrfldo
frppxqlfdwlrq jdph1 Wkh sd|r pdwul{ ri wkh 0sod|hu vrfldo frppxqlfdwlrq jdph
lv uhsuhvhqwhg lq Iljxuh 41 Qrwh wkdw zlwk  sod|huv rqo| 2 glhuhqw rxwfrphv ri wkh
r2 r2
r2 2Bc B n B
2c B n B2 2Bc 2Bc 2B
r 2Bc B n B
2c B n B2 B n B2c B n B2c 2B
r
r2 r2
r2 B n B
2c 2Bc B n B2 B n B2c2Bc B n B2
r 2Bc 2Bc 2B B n B
2c B n B2c 2B
r2
Iljxuh 4= Wkh 0Sod|hu Vrfldo Frppxqlfdwlrq Jdph
jdph/ l1h1/ judskv/ duh srvvleoh vlqfh m7m ' 2 iru  ' c 2c 1
Lq wkh 0sod|hu fdvh wkh h{shfwhg dgmxvwphqw ri wkh vwrfkdvwlf surfhvv +5, lq shulrg
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 m j& ' jc j ' f
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 j  j
r
iru doo & 5 W ^ ifj/ c  5 ic 2c j/ dqg  9' 1 Xvlqj wkh sd|r pdwul{ ri wkh vr0
fldo frppxqlfdwlrq jdph dv uhsuhvhqwhg lq Iljxuh 4/ wkh h{shfwhg dgmxvwphqw ri wkh
vwrfkdvwlf surfhvv +5, fdq hdvlo| eh ghwhuplqhg1 Frqvlghu sod|hu  ' 1 Vwudljkwiru0
zdug fdofxodwlrqv vkrz wkdw sod|hu *v h{shfwhg sd|r ri wkh vrfldo frppxqlfdwlrq






 m j& ' j
l











Ej2  j2  j2











Ej  j2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






Ej2  j2  j2 n j2  j2 n j  j2  j 
;
Frqvhtxhqwo|/ sod|hu *v frqglwlrqdo h{shfwhg sd|rv zkhq j2 '  dqg j2 ' f/ l1h1/
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Ej2  j2 n j2  j c +9,
uhvshfwlyho|1 Vxevhtxhqwo| vxevwlwxwlqj +8, dqg +9, lq +7, dqg uhduudqjlqj whupv
vkrzv wkdw wkh h{shfwhg dgmxvwphqw ri sod|hu *v vwudwhj| lq shulrg &/ frqglwlrqdo rq





































j E j Ej2  j  +;,





'  iru doo
& 5 W ^ ifj1 Wkh frqglwlrqdo h{shfwhg dgmxvwphqw ri wkh vwudwhjlhv ri sod|huv 2 dqg
 fdq eh ghulyhg lq d vlplodu zd|1
Dv phqwlrqhg ehiruh/ wkh frqglwlrqdo h{shfwhg dgmxvwphqw ri wkh vwrfkdvwlf sur0
fhvv +5, lv htxdo wr wkh frqwlqxrxv wlph uhsolfdwru g|qdplfv fruuhvsrqglqj wr wkh
vrfldo frppxqlfdwlrq jdph1 Vwudljkwiruzdug fdofxodwlrqv vkrz wkdw wkh frqwlqxrxv






j E j Ej  j +<,
iru doo c c  5 ic 2c j/  9' /  9' / dqg  9' 1 Qrwh wkdw iru hyhu| sod|hu 
rqh htxdwlrq lq +<, lv uhgxqgdqw/ phdqlqj wkdw lq wkh 0sod|hu fdvh wkh hyroxwlrq ri
wkh vrfldo frppxqlfdwlrq qhwzrun fdq eh ghvfulehg frpsohwho| e| d 0glphqvlrqdo
g|qdplfdo v|vwhp1
Ehorz zh dqdo|}h vrfldo frppxqlfdwlrq qhwzrunv lq qlwh wlph e| orrnlqj dw
wkh vwhdg| vwdwhv/ dqg wkhlu vwdelolw| surshuwlhv/ ri wkh frqwlqxrxv wlph uhsolfdwru
g|qdplfv1 Lq idfw/ wkh dqdo|vlv lv fduulhg rxw lq whupv ri wkh yduldeohv j2/ j2/ dqg
j1 Sursrvlwlrq 6 jlyhv wkh vwhdg| vwdwhv ri wkh uhsolfdwru g|qdplfv +<,1
Sursrvlwlrq 6 Wkh vhw ri vwhdg| vwdwhv ri wkh uhsolfdwru g|qdplfv +<, frqvlvwv ri












Ej2c j2c j ' Ec c / dqg wkh vl{ hgjhv ri wkh xqlwfxeh / l1h1/
 '
q
Ej2cj2c j 5 W+









Iljxuh 5= Vwhdg| vwdwhv ri wkh uhsolfdwru g|qdplfv zlwk 6 sod|huv1
wkdw kdyh qr srlqw lq frpprq zlwk Efc fcf ru Ec c 1
Wkh surri lv vwudljkwiruzdug dqg wkhuhiruh rplwwhg1 Iljxuh 5 looxvwudwhv wkh vhw
ri vwhdg| vwdwhv1 Lq jhqhudo +vhh/ h1j1/ Sursrvlwlrq 81< lq Fkdswhu 8 ri Zhlexoo ^53`,/
Qdvk htxloleuld ri d jdph duh vwhdg| vwdwhv ri wkh fruuhvsrqglqj uhsolfdwru g|qdplfv1
Wkh frqyhuvh lv dovr wuxh iru lqwhulru vwhdg| vwdwhv1 Lq wkh vrfldo frppxqlfdwlrq jdph
wkh erxqgdu| vwhdg| vwdwhv Efc fc f dqg Ec c  ri wkh uhsolfdwru g|qdplfv duh Qdvk
htxloleuld ri wkh vrfldo frppxqlfdwlrq jdph1 Wklv iroorzv gluhfwo| iurp wkh sd|r
pdwul{ dv uhsuhvhqwhg lq Iljxuh 41
Wr vhohfw dprqj wkh lqqlwh qxpehu ri vwhdg| vwdwhv zh frqvlghu wkhlu vwdelolw|
surshuwlhv1 Sursrvlwlrq 7 vwdwhv wkdw rqo| wzr vwhdg| vwdwhv duh dv|pswrwlfdoo| vwdeoh/
zkloh doo rwkhuv duh xqvwdeoh1
Sursrvlwlrq 7 Wkh wzr vwhdg| vwdwhv Ej2c j2c j ' Efc fc f dqg Ej2c j2c j '




Ej2c j2c j 5 W+






Ej2c j2c j 5 W+

m j :  j2c j2 :   jc j2 :  j2
r
c
uhvshfwlyho|1 Doo rwkhu vwhdg| vwdwhv ri wkh uhsolfdwru g|qdplfv +<, duh xqvwdeoh1
Surri1 Wkh uvw sduw ri wkh surri lv edvhg rq O|dsxqry*v Gluhfw Phwkrg1 Frq0
vlghu wkh vwhdg| vwdwh Ej2c j2c j ' Efc fcf1 Ohw
 '
q
Ej2c j2c j 5 W+





wkh qhljkerukrrg ( ' (f/ dqg  Ej2c j2c j ' j2nj2nj1 Dsso|lqj Wkhruhp
917 lq Fkdswhu 9 ri Zhlexoo ^53` lpphgldwho| jlyhv wkh uhtxluhg uhvxow1 Qrz frqvlghu
wkh vwhdg| vwdwh Ej2cj2c j ' Ecc 1 Ohw
 '
q
Ej2c j2c j 5 W+

m j2 ' j2 ' j ' 
r
c
( ' (/ dqg  Ej2c j2c j '   Ej2 n j2 n j1 Djdlq/ wkh uhvxow iroorzv iurp
dsso|lqj Wkhruhp 917 lq Fkdswhu 9 ri Zhlexoo ^53`1
Wr vkrz wkdw doo rwkhu vwhdg| vwdwhv duh xqvwdeoh zh xvh wkh zhoo0nqrzq hljhqydoxh
dqdo|vlv1 Wkh froxpqv ri wkh Mdfreldq pdwul{ a ' daca2c ao fruuhvsrqglqj wr wkh























dj2 E  j2 c j2 E j2 c Ej2 n j2   E  2jo


Vwdelolw| surshuwlhv ri d vwhdg| vwdwh fdq eh ghgxfhg iurp wkh Mdfreldq pdwul{ e|




: f lw iroorzv wkdw lq doo vwhdg| vwdwhv xqhtxdo wr Efcfc f ru Ecc  wkhuh lv
dozd|v dw ohdvw rqh vwulfwo| srvlwlyh hljhqydoxh/ zklfk lpsolhv wkdw wkh vwhdg| vwdwhv
duh xqvwdeoh1
Wkh dv|pswrwlf vwdelolw| ri wkh wzr cf|folf* vrfldo frppxqlfdwlrq qhwzrunv jlyhq
e| Ej2cj2c j ' Efcfc f dqg Ej2c j2c j ' Ec c fdq eh h{sodlqhg e| wkh idfw
wkdw wkhvh duh wkh rqo| 0sod|hu vrfldo frppxqlfdwlrq qhwzrunv iru zklfk wkhuh lv qr
srvlwlyh suredelolw| dvvrfldwhg zlwk wkh hyhqw ri d cgrxeoh olqn*/ l1h1/ d sdlu ri sod|huv
ehlqj frqqhfwhg e| phdqv ri wzr pxwxdo olqnv1 Dv wkh suhvhqfh ri rqh olqn lv douhdg|
vx!flhqw iru vxffhvvixo frppxqlfdwlrq/ dgglqj d vhfrqg olqn lv uhgxqgdqw dqg rqo|
ghfuhdvhv wkh srvvlelolw| wr frppxqlfdwh zlwk rwkhu sod|huv/ zklfk lq wxuq uhvxowv lq
d orzhu sd|r iurp wkh vrfldo frppxqlfdwlrq qhwzrun1 Iru wkh vdph uhdvrq/ wkh wzr
cf|folf* vrfldo frppxqlfdwlrq qhwzrunv duh dovr wkh rqo| h!flhqw vrfldo frppxqlfdwlrq
qhwzrunv1 Uhfdoo wkdw d vrfldo frppxqlfdwlrq qhwzrun lv h!flhqw li lw pd{lpl}hv wkh
vxppdwlrq ri wkh sod|huv* h{shfwhg sd|rv1
Ilqdoo|/ qrwh wkdw wkh uvw sduw ri Sursrvlwlrq 7 lv frqvlvwhqw zlwk Sursrvlwlrq 5 lq
Ulw}ehujhu dqg Zhlexoo ^4:`1 Qdpho|/ wkh wzr cf|folf* vrfldo frppxqlfdwlrq qhwzrunv
duh vwulfw Qdvk htxloleuld ri wkh vrfldo frppxqlfdwlrq jdph dffruglqj wr wkh sd|r
pdwul{ dv uhsuhvhqwhg lq Iljxuh 41 Ulw}ehujhu dqg Zhlexoo ^4:` vkrz wkdw vwulfw Qdvk
htxloleuld frlqflgh zlwk dv|pswrwlfdoo| vwdeoh vwhdg| vwdwhv lq wkh frqwlqxrxv wlph
uhsolfdwru g|qdplfv1
44
8 Wkh ?0Sod|hu Fdvh
Frqvlghu wkh prgho dv lqwurgxfhg lq Vhfwlrq 51 Lq wklv vhfwlrq zh zloo vshfli| dq
dv|pswrwlfdoo| vwdeoh vhw ri vrfldo frppxqlfdwlrq qhwzrunv zklfk frqvlvwv ri Qdvk
htxloleuld ri wkh fruuhvsrqglqj vrfldo frppxqlfdwlrq jdph1 Uhfdoo wkdw Qdvk htxl0
oleuld duh qhfhvvdulo| vwhdg| vwdwhv ri wkh frqwlqxrxv wlph uhsolfdwru g|qdplfv +vhh/
h1j1/ Sursrvlwlrq Db lq Fkdswhu D ri Zhlexoo ^53`,1
Lq rughu wr suryh h{lvwhqfh ri dq dv|pswrwlfdoo| vwdeoh vhw ri vrfldo frppxqlfdwlrq




ri sod|hu *v dfwlrqv/ ohw { EM
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zkhuh  Ej ' ir 5 7 m j Er : fj lv wkh vxssruw +ru fduulhu, ri j 5 {1 Olnhzlvh/
iru hyhu| froohfwlrq ri qrqhpsw| vxevhwv MS

 7 ri dfwlrqv/ rqh iru hyhu| sod|hu





 7/ dqg ohw wkh forvhg dqg frqyh{ vhw { EMS eh wkh








. m j Er  j Er ' f iru doo c  5  vxfk wkdw  9' 
r
c
zkhuh {. ghqrwhv wkh vhw ri Qdvk htxloleuld ri wkh vrfldo frppxqlfdwlrq jdph1
Ehorz zh zloo vkrz wkdw wkh vhw x lv dv|pswrwlfdoo| vwdeoh lq wkh frqwlqxrxv wlph
uhsolfdwru g|qdplfv1 Lw fdq hdvlo| eh yhulhg wkdw wkh vhw x lv wkh xqlrq ri d qlwh
+uhfdoo wkdw wklv sdshu ghdov zlwk qlwh qrupdo0irup jdphv, qxpehu ri idfhv {EMS/
zlwk S ' c c / l1h1/ x ' ^S'cc{ EMS1 Lq idfw/ zh uhihu wr {EMS/ S ' c c /
dv wkh frpsrqhqwv ri x1
Wkh surri ri dv|pswrwlf vwdelolw| ri wkh vhw x lv frqgxfwhg wkurxjk wkh iroorzlqj
ohppd1 Wkh edvlf lghd xqghuo|lqj wkh uhvxow lq Ohppd 8 lv wkdw wkh rqo| zd| ri
ohdylqj d frpsrqhqw ri x zlwkrxw ehlqj frqiurqwhg zlwk d ghfuhdvlqj sd|r lv e|
hqwhulqj rqh ri wkh rwkhu frpsrqhqwv1
Ohppd 8 Wkhuh h{lvwv vrph rshq vhw L  x vxfk wkdw
dj 5 L _{ dqg  Erc j3   Ejo, Erc j3 5 x
Surri1 Frqvlghu d frpsrqhqw { EMS ri x1 Lw zloo eh vkrzq uvw wkdw li wkhuh
h{lvwv vrph  5  vxfk wkdw r *5 M
S








wkhq  Erc j3 	  Ej iru doo j 5 { EM




j 5 { EMS vxfk wkdw  Erc j3   Ej1 Vlqfh j 5 { EMS  x wklv lpphgldwho|
lpsolhv wkdw  5 {.1 Ixuwkhupruh/ vlqfh r *5 M
S





Er   Er ' f iru doo c  5  / zlwk  9' 1 Frqvhtxhqwo|/  5 x/ zklfk jlyhv wkh
uhtxluhg frqwudglfwlrq1
Vxssrvh wkdw iru vrph  5  lw krogv wkdw r *5 M
S

1 Wkhq e| frqwlqxlw| ri  dqg
frpsdfwqhvv ri { EMS/ wkhuh h{lvwv dq rshq vhw L S
r
vxfk wkdw { EMS  L S
r
dqg

















iru doo rwkhu sod|huv dqg wdnlqj wkh qlwh lqwhuvhfwlrq L S ' _ML
S

ri rshq vhwv doo
ri zklfk frqwdlq { EMS/ rqh rewdlqv dq rshq vhw L S wkdw frqwdlqv {EMS dqg iru
zklfk lw krogv wkdw  Erc j3 	  Ej iru doo  5  / r *5 MS / dqg j 5 EL
S
_{ qx1
Rqfh pruh wdnlqj wkh qlwh xqlrq L ' ^
S'ccL
S jlyhv dq rshq vhw dv vshflhg lq
Ohppd 81
Qrz zh duh deoh wr suryh dv|pswrwlf vwdelolw| ri wkh vhw x1
Sursrvlwlrq 9 Wkh vhw x  { lv dv|pswrwlfdoo| vwdeoh lq wkh uhsolfdwru g|qdplfv1
Surri1 Ohw L eh dv vshflhg lq Ohppd 81 Wklv lpsolhv wkdw iru hyhu| frpsrqhqw









frqwdlqv wkh fruuhvsrqglqj idfh { EM
S

 dqg S E0 ' M
S

E0 lv frqwdlqhg lq L S1
Reylrxvo|/  E0 ' ^S'ccS E0 lv wkhuhiruh frqwdlqhg lq L 1 E| frqwlqxlw| ri  iru
doo  5  / zh pd| dvvxph wkdw iru dq| j 5  E0 _ {/  5  / dqg Ercj3 *5 x/ lw
krogv wkdw  Erc j3  Ej 	 B iru vrph B : f1 Khqfh/
jr ' d Erc j3  Ejojr 	 Bjr +43,
iru dq| j 5  E0 _{/  5  / dqg Ercj3 *5 x1
Ohw 1 ghqrwh wkh vroxwlrq pdsslqj iru wkh uhsolfdwru g|qdplfv/ l1h1/ 1 E|c jf  {
lv wkh srsoxdwlrq vwdwh dw wlph | 5 W+ li wkh lqlwldo vwdwh lv jf 5 {1 Wkhq +43,
lpsolhv wkdw 1
r
Ec jf G W+ $ { ghfuhdvhv prqrwrqlfdoo| wr }hur iru dq|  5  / dqg
Ercj3 *5 { EM iurp dq| lqlwldo vwdwh jf 5  E0 _ {1 Wkxv x lv dv|pswrwlfdoo|
vwdeoh1
Lq Vhfwlrq 7 lw zdv vkrzq wkdw lq wkh 0sod|hu fdvh wkh wzr dv|pswrwlfdoo| vwdeoh
vrfldo frppxqlfdwlrq qhwzrunv duh dovr h!flhqw1 Uhfdoo wkdw h!flhqf| grhv qrw phdq
Sduhwr h!flhqf|/ exw lqvwhdg uhihuv wr wkh wrwdo vxp ri wkh sod|huv* h{shfwhg sd|rv
ehlqj pd{lpdo1 Iljxuh 6 vkrzv wkdw lq jhqhudo h!flhqf| ri wkh vrfldo frppxqlfdwlrq
qhwzrunv frqwdlqhg lq wkh dv|pswrwlfdoo| vwdeoh vhw x fdq qrw eh jxdudqwhhg1 Lq idfw/
lw fdq hdvlo| eh yhulhg wkdw wkh S0sod|hu vrfldo frppxqlfdwlrq qhwzrun uhsuhvhqwhg







Iljxuh 6= +d, D S0sod|hu vrfldo frppxqlfdwlrq qhwzrun j 5 x zklfk lv qrw h!flhqw
dqg +e, dq h!flhqw S0sod|hu vrfldo frppxqlfdwlrq qhwzrun j 5 x1
sd|rv htxdov 2BneB2n eB1 Vlqfh wkh vxppdwlrq ri wkh sod|huv* sd|rv lq wkh S0
sod|hu vrfldo frppxqlfdwlrq qhwzrun looxvwudwhg lq Iljxuh 6+e, lv htxdo wr 2BnHB2/
zklfk lv reylrxvo| odujhu wkdq 2B n eB2 n eB/ wkh vrfldo frppxqlfdwlrq qhwzrun
lq Iljxuh 6+d, lv qrw h!flhqw1 Qrwh wkdw wkh vrfldo frppxqlfdwlrq qhwzrun lq Iljxuh
6+e, lv dovr dq hohphqw ri x1 Ilqdoo|/ vwudljkwiruzdug fdofxodwlrqv vkrz wkdw h!flhqf|
lv lpsolhg e| dv|pswrwlf vwdelolw| lq fdvh wkh qxpehu ri sod|huv lv dw prvw D1
9 Frqfoxglqj Uhpdunv
Zh kdyh dqdo|}hg d vrfldo frppxqlfdwlrq jdph/ zkhuh wkh sod|huv* sxuh vwudwhjlhv
frqvlvw ri iruplqj olqnv zlwk wkh rwkhu sod|huv1 Wdnlqj d suredelolvwlf fkrlfh ds0
surdfk zh lghqwlhg d vrfldo frppxqlfdwlrq qhwzrun zlwk d pl{hg0vwudwhj| suroh1
Wkh hyroxwlrq ri qhwzrunv lv prghohg xvlqj d vwrfkdvwlf surfhvv ri kdelw irupdwlrq lq
glvfuhwh wlph1 Lq qlwh wlph dqg dvvxplqj iuhtxhqw frppxqlfdwlrq dqg vorz dgmxvw0
phqw/ wkh vwrfkdvwlf surfhvv fdq eh dssur{lpdwhg e| wkh uhsolfdwru g|qdplfv1 Zh
zhuh deoh wr vshfli| dq dv|pswrwlfdoo| vwdeoh vhw ri vrfldo frppxqlfdwlrq qhwzrunv
zklfk frqvlvwv ri Qdvk htxloleuld ri wkh vrfldo frppxqlfdwlrq jdph1 Ixuwkhupruh/
lq wkh 0sod|hu fdvh wklv vhw uhgxfhv wr wkh vhw frqvlvwlqj ri wkh wzr h!flhqw cf|folf*
vrfldo frppxqlfdwlrq qhwzrunv1
Wrslfv iru ixwxuh uhvhdufk lqfoxgh frqvlghulqj d vrfldo frppxqlfdwlrq prgho zlwk
d vwrfkdvwlf surfhvv wkdw lqyroyhv dq hqgrjhqrxv dvsludwlrq ohyho +vhh/ h1j1/ Eùujhuv
dqg Vdulq ^7`,1 Ixuwkhupruh/ lw pd| eh lqwhuhvwlqj wr frqvlghu rwkhu sd|r vwuxfwxuhv
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